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Computation of Separated Duct Flows Using the
Boundary-Layer Equations

V. 1. Vasilev*
Central Institute of Aviation Motors, Moscow, Russia

A semi-inverse method, based on boundary-layer equations, for simulation of duct flows with strong
viscous/inviscid interaction is developed. An improved interaction formula, based on the matching of parame-
ters in viscous and inviscid zones, is proposed. Using this method the laminar and turbulent flows in plane
channels, swirl flow in annular channels, and a bypass flow with downstream mixing of the trailing edge of a
splitter were calculated. The results for the plane channel and bypass flows are in good agreement with known
experimental and theoretical data. The influence of swirl and parameters of the bypass flow on the separation
zone structure were investigated. A new type of self-similar solution for swirl boundary-layer equations was

obtained.

Nomenclature

= mass concentration

= duct height

= iteration number

= turbulence model coefficients

= characteristic length

= velocity ratio

= density ratio

= pressure

= Reynolds number, uyL /v

= wall coordinate

= Schmidt number

= velocity components in boundary layer
= velocity components in inviscid core
= swirl velocity

= boundary-layer coordinates

= coordinates (Cartesian or cylindrical)
= deflected angle

= pressure gradient

= circulation

= swirl parameter

= displacement thickness

= relaxation parameter

= transformed coordinate

= laminar viscosity

= turbulent viscosity

0 = density
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T = shear stress

®, ¢ = stream functions
Subscripts

d = below splitter

e = boundary-layer edge
o = duct entrance

te = trailing edge

u = above splitter

w = on the wall

+ = upper wall

= lower wall
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Introduction

HE solution of direct boundary-layer problems (with a

prescribed pressure distribution) cannot be continued
downstream of a separation point due to Goldstein’s singular-
ity. Catherall and Mangler! showed that by solving the inverse
problem for the boundary-layer equations (with a prescribed
displacement thickness) one can calculate a flow with recircu-
lation zones. Carter? proposed the interaction algorithm al-
lowing the calculation of the flow around a given surface using
this approach. Since then such approaches have been widely
used. The most common applications were the flows around
profiles, including those with trailing-edge and leading-edge
separation. Other examples can also be found; see, for exam-
ple Refs. 3 and 4.

In the present work the boundary-layer equations were used
to calculate incompressible separated duct flows. These flows
include laminar and turbulent flows in plane channels, swirl
flows, and bypass flows with mixing downstream of the trail-
ing edge of a splitter.

The strong viscous/inviscid interaction in a separation re-
gion was simulated using a so-called semi-inverse method. The
flow in the duct was divided into thin viscous zones, including
wall boundary layers and a mixing zone downstream of the
splitter, and the inviscid cores. To describe the flow in the
viscous zones, the inverse problems (with prescribed displace-
ment thicknesses) were solved. To find the flow in the inviscid
core, the direct problem (with the prescribed wall’s contour
corrected by displacement thickness) was considered. The lin-
ear theory or numerical integration may be used for solving
this problem. Then the interaction algorithm was used to solve
for the distributions of displacement thicknesses, allowing
satisfaction of the matching conditions. The simple interac-
tion algorithm developed by Carter was tried and this led to an
improved interaction formula, which is a reasonable compro-
mise between Carter’s method and Veldman’s quasisimulta-
neous method.?

The presented results increase to some extent the area of
application of interaction boundary-layer algorithms.

Plane Duct Flows

Boundary-Layer Simulation

First the incompressible flow of a fluid in a plane duct was
considered. A schematic of the flow is presented in Fig. la.
The wall contours are described by functions y = r..(x) (upper
wall) and y = r_(x) (lower wall), where x and y are Cartesian
coordinates. The Reynolds number considered is large, so that
near the duct entrance the boundary-layer displacement thick-
ness is much smaller than the duct width [6* < (r, — r_)] and
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Fig. 1 Schematic diagram of a) planar diffuser, b) annular conver-
gent, and ¢) S-shaped ducts.

only the flow in this region is simulated. If the duct is a
diffuser, then contour variations considered are small
Ar ~ dr/dx ~ O(8%), i.e., only the flows with thin separation
regions are investigated. The latter restriction allows the use of
linear theory for prediction of the inviscid core. A one-equa-
tion turbulence model is used in the analysis.

It is convenient to write the boundary-layer equations using
a transformation of variables:

X=x, Y==F[y-r.x)], U=u, V=FW-u-dr./dx)
where u# and v are the velocity components in the Cartesian

coordinates. In the transformed variables, however, the equa-
tions have the usual form

19 19 3 194
— +pV—=8+— — 1
oU ax Y 3y B+3Y[9(V+Vt) aY] ¢Y)
dpV apU
POl it 2
Y X @
where
du, ,
B=pU,—, U,=lim U(X, Y)

dX Y-

is the velocity at the outer edge of the boundary layer. Density
is constant here.

Turbulent viscosity in this work is found using the one-
equation model$

dv, oU
ax TP 5y aY[p(let+V)] aY"'kZPVt

o1

— kspv, (kv + v)/ Y2 3

where empirical coefficients are taken from Ref. 6 and
ky =2.0, ks = 50.0, k, = 0.06, and k, = 0.2{(v,/8»)* + 1.4(»,/
8»)+0.2)/[(v,/8v)* — 1.4(»,/8») + 1.0.] Boundary conditions
for Egs. (1-3) have the form

au v,
= =V=p=0, Ym0 ——0 ——0 (4
Y=0, U=V=vp=0; o 3y 1Y% 4)

Initial conditions are given by

UX,, Y) = U,f(Y), v(X,, Y)=U,858(Y) )
When a laminar boundary layer was considered, g =0, and f
was found from the Blasius solution. In the turbulent case, f
and g were taken to be the same as in a turbulent boundary
layer on a flat plate.’

For a direct boundary-layer problem, 8 is a known func-
tion. For the inverse problem, this parameter is unknown and
to find it one must specify the displacement thickness, i.e., 8
is determined by the condition

fot = pU/p.U) Y = 6*X) ©)

Equations (1-3) with boundary conditions (4) and (5) were
solved numerically by a marching finite difference method.
Equations (1) and (3) were approximated by a central-differ-
ence second-order scheme in the Y direction and an upwind
first-order scheme in the X directions. The scheme is implicit,
and to resolve the nonlinear terms local iteration at each X
station was utilized. To approximate the convection term
U(@U/8X) in the reverse flow zone, either the FLARE ap-
proximation® or an upwind scheme were used. In the upwind
scheme, the parameters at downstream stations were taken
from the previous iteration of the global iteration procedure.
The FLARE approximation was used only in some test cases
where the pure inverse problem for the boundary-layer equa-
tions was solved. Our experience showed that if velocity in the
reverse flow zone is less than 0.1U,, the results obtained by the
two methods are practically the same (the difference is smaller
than 1%). In the other cases, the upwind scheme gave more
precise results, which might even differ quantitatively from
the results obtained with the help of FLARE. (For instance,
FLARE did not yield two vortices in the recirculation region.)

The integral in Eq. (6) was approximated by the trapezoidal
formula, and by the same method Eq. (2) was integrated to
find V.

The system of algebraic equations corresponding to Eq. (3)

“had a tridiagonal matrix and was solved by an efficient tri-

diagonal martrix algorithm (TDA) method. Equation (1) was
solved simultaneously with the integral condition (6) to find u
and . The corresponding system of algebraic equations had a
tridiagonal matrix with one full string and was solved by a
slightly modified TDA method.

The finite difference grid in the Y direction was nonuniform
with grid nodes condensed to the wall according to Blottner’s
recommendations®

Y, = Ya(1.828-1 - 1)/(1.8219 - 1) j=1...N
where j is the number of the node and Y, the boundary of the
computational domain at a given X station. Except near the
trailing edge of the splitter, the grid in the X direction was
homogeneous. According to test calculations, a grid with 60
nodes in the Y direction and 100 nodes in the X direction was
dense enough to get about 1% accuracy.

The one-equation turbulence model® was initially con-
structed for attached flow. As our previous investigation
showed, !0 it also gave reasonable results for separated. flows.
Some illustrations are shown in Fig. 2, where a comparison of
computed velocity, shear stress profiles, and experimental
data'! are presented. The computational results presented here
were obtained as the solution of the inverse boundary-layer
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problem with prescribed 6* taken from experiment. Charac-
teristic length L is the distance between the entrance of the
experimental model and the last station at which measure-
ments were taken.

Potential Core

Parameters in the boundary layer must be matched with
parameters in the inviscid core. Only flows where the core is
a potential flow are considered. Thus, if a stream function &
is used, it must satisfy the Laplace equation for an incom-
pressible flow. Generally, this equation in a domain with
curvilinear boundaries may be integrated numerically. How-
ever, using the assumption that wall contour variations are
small, one can obtain an analytical solution. More precisely,
these assumptions are that the contour variations are small
[Ar, ~Ar_ ~dr,/dx ~dr_/dx = O(¢), where ¢ is small pa-
rameter], and that the walls of the entrance and exit parts of
the duct are parallel to the x axis, i.e., dr,/dx =dr_/dx =0
if x <x; or x >xg. In this work only ducts that satisfied these
restrictions were considered.

Using transformed coordinates x, n=(y —r_)/h, and h =
r. —r_, and representing the stream function as ® = u,4,
(1 + ¥) (in the case considered here the duct entrance is located
at x — ), one can obtain the equation and boundary condi-
tions, which the stream function must satisfy to the order of
0(e?). These relations are:

Py Py d?r_ a2,
Fh (1/h2) phy (1/he) [(1 —n) dx_3+ )] dxi]
7
Y(x, 0)=¢(x, 1)=0, Y(Foo, 9)=0 @

This problem is solved using the Fourier transform. Accord-
ing to this solution, the longitudinal velocity at the lower wall
is given by

) ) ® x_g g—_—
u(xy y —I'~) = ua(ha/h){l + (l/ﬂ'ho)j_w':K< ho ) df

x — &\dr,
+K‘( 3 )ds] dg} ®
where K and K| have the form

K@) =@/ [cth<%z>—l] if 2>0, K(-2)=K()

K(z) = (x/2) {1—th<”—;>] if 2>0, Ky(—2) = Ki(2)

To find the velocity at the upper wall of the duct one must
replace dr_/d¢ and dr./d¢ in relationship (8). The integrals
were calculated numerically using the trapezoidal formula.

Interacting Algorithm

If the velocity in the potential core with the wall corrected
by the displacement thickness is named u, [for instance, on the
lower wall u, = u (x, y = r_ + 6%)], then the matching condi-
tion may be written as follows:

Uex) = 1, (x) | ©)

It can be easily shown that condition (9) also assures the
matching of cross velocities.

Equation (9) enables a solution to be found for 6*, but the
relation of U, and u, with 6* is implicit, and therefore the
interaction algorithm must be exploited. As a first possibility
we used Carter’s formula

—_ i
§¥I+1/5% = 1 4 ;(%’—) (10)
e

u/U,
< oro experiment D
— analysis
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Fig. 2 Comparison of calculated and measured mean velocity and
Reynolds shear stress profiles.

As a second possibility, a more elaborate algorithm was con-
structed.

According to linear theory, the potential flow velocity on a
free surface with contour y = r + 6* is given by

d(r+6%) df ]
—w d¢ x-¢

It should be noted that this simple relation was used instead of
Eq. (8) because of the approximate character of the interac-

tion formula. Replacing the integral by a finite difference
expression one can obtain

(At = 33 CryAS*) 1)
J

Up = uo[l + (l/r)S

where Au, = ui*!
locations.
Using von Kdrman’s equation, one can also obtain ‘the

approximate relation between increments of U, and §*

—ul, AS*=8%+1—§% j m grid points

AU/U = —(A8*/6%) [1/(2 + H)] 12)
where H is a shape factor. Subtracting Eq. (12) from Eq. (11)
and supposing #: "' = U!*, one can find
(e = Ue)ly = LT ASY (13)
J

When the system (13) is solved, the new distribution of §*
may be calculated as

¥+ 1= 5% 4 (AS*

A comparison of the convergence of algorithms (10) and
(13) is shown in Fig. 3. The convergence history for a laminar
boundary layer in a symmetrical diffuser (for more detail see
the following) is presented. Carter’s formula with the largest
possible relaxation parameter is slower to converge than is
formula (13).
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Fig. 3 Convergency hierarchy of interacting procedure: 1) present
algorithm and 2) Carter’s technique.
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Fig. 4 Wall shear stress distribution in the planar symmetrical dif-
fuser (laminar flow).
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Fig. 5 Shear stress and pressure coefficient distributions along the
curved wall of the planar diffuser (turbulent flow).

Calculation Results

The method is demonstrated by means of two examples:
1) laminar flow in a symmetrical diffuser, calculated earlier by
Halim and Hafez!? using partially parabolized Navier-Stokes
equations, and 2) turbulent flow in a diffuser, experimentally
investigated by Serpa et al.!?

Symmetrical diffuser walls are given by r_ = —r., r.(x)/L
=140.08x° -1 5-2x9 if 1=x°=<2,r,/L =1, x°<]1,
and r./L = 1.08, x°=2, where L is the length of the diver-
gent part x° = x/L. Re = 6.25 x 10%, the origin of the laminar

. boundary layer, was placed at x° = ~1.96 (x =0 is the en-

trance of the calculation domain).

The wall shear stress distribution is presented in Fig. 4.
There is a thin separation region in the divergent section of the
diffuser. Our results are in good agreement with results by
Halim and Hafez,!? also shown in Fig. 4. The wall shear stress
distribution is also presented in Fig. 4 using the assumption
that the pressure across the channel is uniform and the flow is
simulated by the boundary-layer equations, i.e., the viscous/
inviscid interaction is not taken into account. The latter results
differ from the results that account for the viscous/inviscid
interaction rather significantly.

Other diffuser walls are given by r./L =0.75, r_(x)/L
=0.201 — 1.981(x?)? + 2.956(x%)* — 1.176(x°)* if 0<x°=<1,
r_/L =0.201 x°<0, and r_/L =0 x°>1. Re = 5.85 x 10,
the origin of the turbulent boundary layer was placed at
x%= —2.7 (x = — 1 is the entrance of the calculation domain).

The pressure coefficient and shear stress along the curved
wall are presented in Fig. 5. In the separation region, the wall
shear stress is in good agreement with experimental data.'?
The calculated pressure coefficient is significantly less than
that in an inviscid flow, but still well above the experimental
data. To increase the accuracy of the simulation, the turbu-
lence model must be improved. Overall, the agreement is
thought to be good.

Swirl Flow
Boundary-Layer Simulation

The viscous/inviscid interaction method can also be used to
simulate some swirling flows. Consider the swirling flow of an
incompressible fluid in an annular duct, such as that presented
in Figs. 1b and 1c. All preceding restrictions are assumed, and,
in addition, r, » r, —r_. The boundary layers are described
by the same equations if the weaker additional restriction
r_ =r, —r_ is satisfied, but the strong condition is a simplifi-
cation of the inviscid core simulation. If the inviscid core is

calculated numerically, then the strong restriction is not
‘ needed.

Under the aforementioned assumption, the momentum
equations in the longitudinal and cross directions in the
boundary layer with swirl are written as follows

U U T2[d 19p @ 1%
v v v < r) ———£+——[(v+v,)—5,j| (14)
F

X Y ri\dX p X  3Y
1p _ iﬁ(ﬂ) s)
p dY " ri\dx/.

where I'= w -y, and other notations are the same as in Eq. (1).
External to the boundary layer, relationships (14) and (15) are

reduced to
1 dp, au, r2<dr>
- U, = 1
p 39X ax T \ax/. (16)
14 K
lop I <_dL> an
p dY ri \dx/ .

If the swirl is small or modest (I'’U/r < 1), then according to
Eqs. (15) and (17) pressure variation across the boundary layer
is O(Re~") and can be neglected, i.e., one can suppose
P = p(X). If the swirl is too large (I'/ U /r >const Re ~ **), then
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our analysis shows (for example, see the following analysis of
a self-similar solution) that the separated flows cannot be
simulated by the boundary-layer equations. In the intermedi-
ate region 1 < T/U/r < Re ", cross-stream pressure variations
must be included and, according to Egs. (15) and (17), the
pressure at any station is given by

P =pX) =T~ T2/r} dY (18)

Substituting Egs. (18) and (16) into Eq. (14) one can get the
longitudinal momentum equation. The full set of equations
for an incompressible boundary layer with a swirl are written
as follows

au r-r2/d
U£]+V—=B+ e(—r¢>

ax a3y ri \dx
:I:'(%( H:#;z) dY} +£—/[(y+ ”) g—l)],] (19)
U%+V%=%[(V+v,)%] (20)
%}—Zﬁg—;: @1)

In this work we consider only a laminar flow (v, = 0). Bound-
ary and initial conditions for Eqs. (19) and (21) are the same
as those for Eqgs. (1) and (2). The closure relation has form (6),
and boundary conditions for Eq. (20) may be written as

Y=0 I'=0, Y—-oTI-I., TI'(X, Y)=T. -f(Y) (22)

where T, is the prescribed value.

Before the viscous/inviscid interaction in the swirl flow is
analyzed, it is useful to discuss some self-similar solutions of
Egs. (19-21).

Self-Similar Solutions of Swirling Boundary-Layer Equations

Some authors earlier investigated the self-similarity charac-
teristic of boundary layers with swirl with uniform pressure
across the layer, i.e., when the integral term on the right-hand
side of Eq. (19) is negligible (for example, see Ref. 14). Here
this term is included, but rather exotic power distributions of
swirl (I', ~ X™) are not considered and only free vortex swirl
(', = const) is analyzed. Under this restriction, self-similarity
is possible only if r = const, U, = U, X", However, one can

" obtain more general results by supposing that r = r, + r, X%/3

and that the variable part is much smaller than the constant
X3 <r,).

The velocity components of self-similar flow are given by

v3/5U,»

U=V ), V= -~

(f—=2/32f"), T=TF(»)

where 5 = v3/5U,/v (Y/X?3). Functions f and F are satisfied
by the following equations and boundary conditions

e

S I+ A=) +70U (F*— 1D dg+(F - 1)27)]

+7F?-1)=0 : (23)
F" +fF' =0 (24)

SO =f"0)=F(@0) =0, f'() =F(x)=1 @25

where
Pg I‘grl
Yo = £2/3 55 NVw/(3/5)/U,; v1=2/3 5=
rOUO rOUO

Parameter v, is used to characterize the swirl influence on
the boundary layer on a cylindrical surface. This parameter is

positive for the flow on the outer side of the surface (lower
wall in the annular duct) and negative for the inner side (upper
wall in the annular duct). Consequently, the swirl will acceler-
ate the flow near the upper wall and decrease the speed near
the lower wall. Parameter v, is used to characterize the swirl
influence on the boundary layer on an inclined surface. If the
wall is near to the axis (y; <0) the flow is accelerated, if it is
moved away from the axis (y;>0) the speed is decreased.

The range of positive v, and vy, must be confined, and to
find these limits two cases were considered: v; =0, v, >0 and
11>0, v, = 0. Equations (23-25) were solved numerically by
the method analogous to the one described earlier. Instead of
&%, the value of parameter S(;” (1 — f’) dy was prescribed. The
relations of 7y, = f”(0) via vy, or v, are plotted in Fig. 6, where
Tw is a parameter proportional to wall shear stress. For com-
parison, the well-known curve 75/(8), where 8 is the Faulkner-
Skan parameter, is presented. A self-similar solution exists if
0 =< 0.265 or v, < 0.660. In the range between zero and the
critical value, two solutions exist: one with a reverse flow zone
and one without. Qualitatively these solutions are similar to
the Faulkner-Skan solutions.

The y parameters are estimated as

T. \2L NrT < T, >2 Ar
~ (%) =VRe,, ~{==) =
Yo <Uero> 7o - n Uero To
so that if r, = O(L) and Ar = O(6™), the swirl intensity must be
limited.

I,/U,/r, < const Re* (26)
Tu
0.7
s -
0.3 ;
0.1 :Tw(ﬁ) Tu(7s) Tu(77)
-0.1 ~\J
—0.3_,.,,,|,
0.0 0.3 0.6 By

Fig. 6 Self-similar solutions for swirl flows.
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Fig. 7 Shear stress distribution along the curved wall of the annular
convergent duct (laminar swirl flow).



1196 VASILEV: SEPARATED DUCT FLOWS

1—- lower wall
2~ upper wall

—0.001 T T
-1 3 x/L

Fig. 8 Wall shear stress distribution in the S-shaped annular duct
(laminar swirl flow).
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Fig. 9 Distributions in S-shaped annular duct (laminar swirl flow):
a) velocity and b) displacement thickness.

With this limitation, the swirl generates a positive pressure
gradient. In a duct, the latter condition always occurs near the
bottom wall, so the inequality (26) restricts the free vortex
swirl in a duct.

Viscous/Inviscid Interaction

The semi-inverse method for swirling flow in a duct is
similar to the method just described. Only slight modifications
are required to numerically integrate the swirling boundary
layer equations (19-21), which contain the additional terms on
the right-hand side of Eq. (19) and the equation for the swirl
velocity (20). These modifications are obvious.

In this work only free vortex swirl was considered, so the
flow in the inviscid core is a potential flow. Additionally,
consider only a thin annular duct, wherer, »>r, —r_. As our
investigations have shown, if the annular duct is characterized
by the condition (r. — r_)/r_ = 10, then a numerically calcu-
lated velocity distribution differs from the velocity, obtained
using formula (8), for the planar duct by less than 1%. Thus,
the inviscid core for a swirling flow may be simulated in the
same way as in a planar duct.

To find the displacement thicknesses the interaction al-
gorithm (13) was used.

To illustrate the method, the laminar swirl flows in both
convergent (Fig. 1b) and S-shaped (Fig. 1c¢) channels were
considered. In both cases the contour of the lower wall is given
by r_(x)/L =10+ 0.08(x° -2 (5 —2x%)if2=<x°=<3,r_/L
=10 x°<2, r_/L =10.08 x°=3, and r./L =11 for the

} 2 l
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U/Ue / U/Us
i -,
014 7°°r
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2 o
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DR M, Y N AR S N | o=
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|

I
-1 o
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x

Fig. 10 Schematic diagram of bypass flow, velocity profiles, and
positions of dividing streamlines: 1) deflected flap and 2) duct walls.

convergent channel and r,/L =r_/L + 1 for the S-shaped
channel. The initial conditions for longitudinal velocity and
Reynolds number were the same as in the case of the plane
diffuser described earlier. The swirl intensity I, was varied,
and the initial T distribution was similar to the longitudinal
velocity, i.e., at x =0, u/u, =I'/T,.

The wall shear stress distributions along the lower wall of
convergent channel for various T, are presented in Fig. 7.
These data indicate that without the swirl there is no separa-
tion, because the area of the channel cross section diminishes.
When the swirl intensity increases the separation zone appears.

The next example corresponds to the S-shaped channel flow
at T./u,/r_(0) = 3. The wall shear stress distributions are
presented in Fig. 8. Two separation zones on the lower wall
are predicted. The first is due to the wall slope, but the second
is in the cylindrical part of the channel. The local acceleration
of the flow between these two zones is due to the wall curva-
ture. The upper wall also separates, but only one separation
zone is formed because here in the cylindrical section the swirl
prevents flow separation. Other illustrations of the flow struc-
ture are presented in Figs. 9a and 9b, where the distributions
of u, and the displacement thickness are shown, respectively.

Thus, one can see that the semi-inverse method can be used
to analyze rather complex flow structures.

Bypass Flow
Simulation of Viscous Zones

The schematic diagram of the bypass flow is presented in
Fig. 10. Two streams in a plane channel, initially divided by a
splitter, are mixed in a common chamber behind the sharp
trailing edge of the splitter. In this flow there are three viscous
zones: two separate boundary layers on the channel walls and
boundary layers on the splitter walls that form the mixing
layer behind the sharp trailing edge. These viscous zones are
divided by two potential cores. Viscous zones are assumed to
be thin, i.e., all preceding restrictions are valid.

To calculate the boundary layers on channel walls, Eqgs.
(1-6) must be solved. If the dividing streamlines behind the
trailing edge are introduced, the viscous flow along this line is
also described by Egs. (1-3). However, there are some differ-
ences in the boundary conditions and the closure relationship.

Upstream of the trailing edge, the boundary conditions have
the form (4) for each boundary layer on the upper and lower
surfaces of the splitter. Downstream of the trailing edge, the

| continuity conditions on the dividing streamline must be pre-
| scribed, which are given by

o, _ U,

Y=0 Uy=Us —St=-=
@7N

@u = a Va=Va=0
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The asymptotic conditions at Y —oo are the same as those
upstream of the trailing edge. The boundary conditions on the
derivatives of U (where a minus sign occurs because the Y axes
have opposite directions above and below the dividing stream-
line) ensure pressure continuity across the mixing layer. On the
other hand, when the inverse problem is considered, the pres-
sure distribution is unknown, so that upstream of the trailing
edge two displacement thicknesses must be prescribed, but
downstream of the edge only one value is needed. Thus,
upstream of the trailing edge closure relationships have the
form of Eq. (6), and downstream,

§ [1 = pU/(pe)a(Ue)a] AY
0

+ mn S (1~ pU/(p)u(Ue)u] dY = 65,(X) (28)
0

Here the 8} (X) is the displacement thickness for the mixing
layer, which may be determined as

y
8y = lim ﬁ [1 —pU/(pe)a(Ue)al AY — (1 — mn)y}

y—oo @

where y is the ordinary Cartesian coordinate, m the longitudi-
nal velocity ratio upstream of the trailing edge, and n the
density ratio in the mixing streams.

It should be noted that along with the mixing of identical
fluids, the mixing of two different fluids may be considered.
In the latter case density is a function of the concentration of
one of the mixing components

clo/(pe)u]l + (1 =) [0/(pc)al =1 29
The concentration c is satisfied by the equation

dc dc 3 dc
pU.{E{ + pV?ﬁ =37 [p(v,/Sc, + v/8c) a—Y] (30)

where laminar and turbulent Schmidt numbers (Sc and Sc,)
are assumed to be equal to 0.8.
The boundary conditions are

dc
Yoo X0, Y=0 X=X, — =0
9y g
31
Y=0 X=X, C,=Cy

where X, is at the trailing edge. At the initial station ¢ =0
below the splitter and ¢ = 1 above the splitter.

Finally, one modification of the turbulence model in the
mixing layer is needed, which concerns the last term on the
right-hand side of Eq. (3). The distance from the wall must be
replaced by the distance from the trailing edge.

Viscous/Inviscid Interaction

The flows in each potential core, above and below the
splitter, may be calculated in the same way as in a single
channel, i.e., using Eq. (8).

In the general case, the viscous/inviscid interaction between
three viscous zones must be considered. However, in this work
only wide channels were considered, in which the upper and
lower walls were far enough away from the splitter that the
influence of the wall’s boundary layers on the viscous zone
around the splitter may be ignored. The channel walls were
assumed parallel to the x axis and the boundary layers were
not taken into account.

Two matching conditions, presented by Eq. (9), allow a
solution for the displacement thicknesses of the boundary
layers above and below the splitter, the thickness of the mixing
layer 8%, and the position of the dividing streamline ... The

modified Carter’s formula was used to obtain the solution.
This interaction algorithm may be written as

SHIL/SH, = 1+ [LAUL 3 X < X,

5;i+1/6,’;i= 1+ §‘1AU£7 + §‘2AU,;

. . . Xz X (32)
rirl/rl =1+ AU, + QAU
where AU = (u, — U,)/U,. Our calculations show conver-
gence for all cases if 0< &g, &, £,<1; 0<&;, £,<0.03.

Numerical Results

To verify the interaction procedure, a laminar flow near the
trailing edge of a flat plate was considered. As the calculations
show, when the distance between the flat plate and the channel
walls is more than A/L = 2 (L is plate length) the position of
the walls do not influence the flow near the plate. Thus, our
results may be compared with data for freestream flow near
the trailing edge. The latter was investigated by many authors,
and here the results are compared with Veldman’s data.’

If the origin of the coordinate system is placed at the plate
trailing edge, the computational domain is extended from
x/L = —0.5 to 0.5. The Reynolds number is Re = 10°. Com-
puted results are compared with Veldman’s results in Fig. 11,
where the wall shear stress and displacement thickness are
shown. The agreement is rather good. It should also be noted
that in our calculations the symmetry of flow was not assumed
a priori, but was predicted as a result.

The next example is a bypass flow in a channel with a
deflected flap (see Fig. 10) The contour of the splitter is
formed by a line parallel to the x axis and a piece of line with
length L inclined to the x axis at angle «, where « is to be
assumed small. The corner between the two straight parts is
smoothed by a circular arc of radius L. The channel walls are
placed at A/L = hy/L = 1.

The laminar and turbulent flows in such a channel were
considered. For laminar flow the deflected angle « is varied
between 0 <o <5 deg, the velocity ratio at the channel entrance
between 0.5 < m < 2, and Reynolds number Re = L - (U,)/v
between 10* < Re < 4 x 10,

The origin of the coordinate system was placed at the trail-
ing-edge station and the computational domain was extended
from x/L = —2 to 2. The initial parameter distributions are
the same as in the boundary layer on a flat plate at the station
located at x/L = 1.0 from the origin.

The characteristic longitudinal velocity profiles and dividing
streamlines for the bypass flow are presented in Fig. 10. These
distributions correspond to the regime with a=15 deg,
m = 0.5, Re = 10*. Before the flap (x/L = —1) the velocity
profile is a typical boundary-layer profile, just downstream of
the trailing edge (x/L = 0.05) it is a wake profile, and farther
downstream (x/L = 2) the velocity profile is a typical mixing
layer profile. In the regime considered, separation takes place
near the trailing edge. The separation influences the position
of the dividing streamline rather strongly, and this influence
may be seen in Fig. 10 where the dividing streamlines in

Tu/PUo” 5 /L
) -0.0050
0.0012 — i
-0.0040
41 —— present data .
o = Veldman's data e~
0.0010 T T T T T T T 0.0030
0.4 -0.1 0.2 x/L

Fig. 11 Wall shear stress and displacement thickness distributions
near the trailing edge of a flat plate.
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Fig. 12 Map of streamlines around deflected flap at o =5 deg,
Re = 10* (numbers on plot are the values of [¥/(u,L)] X 10%).

viscous and inviscid flows (dashed and dashed-dotted curves)
are compared. When separation takes place, the dividing
streamline moves to the side of the separation zone.

The separation zones have the streamline patterns shown in
Figs. 12 and 13, which also illustrate the influence of the flow
regime on the flow structures. In Fig. 12, the influence of
velocity ratio m is presented (o = 5 deg, Re = 10*). When m is
increased the size of the separation zone is diminished because
the separation point moves downstream. Thus, in a bypass
flow by varying the velocity in one part of a channel, one can
control the separation in another part. When m is increased
the dividing streamline is close to such a line in an inviscid
flow, but if m is decreased the dividing streamline moves down
and the bypass ratio (the ratio of flow rates) is decreased by
more than m.

In Fig. 13, the influence of the Reynolds number is pre-
sented (o =5 deg, m = 1). When Re is increased the separa-
tion zone is increased, the separation point moves upstream,

, and the reverse flow zone intrudes into the mixing layer. When
the primary recirculation zone intrudes into the mixing layer,
a secondary recirculation zone arises. Analogous changes in
structure take place when the Reynolds number is fixed, but
the deflection angle « is increased.

Finally, laminar and turbulent bypass flows, characterized
by o = 5 deg, m = 1, were compared. In Fig. 14 the wall shear
stress distributions below the splitter in the laminar (Re = 10%)
and turbulent (Re = 10%) flows are presented (in both the
laminar and turbulent cases initial displacement thicknesses &%
were equal). In the turbulent flow, the size of the separation

Fig. 13 Map of streamlines around deflected flap at o =5 deg,
m = 1.0 (numbers on plot are the values of [{/(u,L)] X 10%).

TW//OUOZ i
0.005 ~+ turbulent
=4 T~ -~ -
i -~ ~ N\
0.003 - .
4 laminar
- 0.001 . S
1 Re=10'm=1.0 i ‘
—0.001 . . | . ; | . o
~2.0 —1.4 -0.8 -0.2 X/L

Fig. 14 Comparison of wall shear stress distributions along the de-
flected flap in laminar and turbulent flows.

zone is diminished because the effective Reynolds number,
computed using the turbulent viscosity, is decreased. The
streamline pattern in the turbulent case is analogous to the
pattern in the laminar case.

Concluding Remarks
The interaction boundary-layer algorithm for effective sim-
ulation of separated duct flows was developed.
It was shown that calculated results for laminar flows in a
plane duct were in good agreement with known theoretical
data. The calculated results for turbulent flows also agree well
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with experimental data. The improved interaction formula
decreases the required number of iterations by about 30%
compared with Carter’s formula.

The influence of swirl on a separated flow in an annular
duct was investigated by the present method. A new type of
self-similar solution of the swirl boundary-layer equations was
also found.

It was shown that rather strong swirl induces boundary
layer separation on the convex cylindrical surface and acceler-

- ates the flow on the concave cylindrical surface. On an in-
clined surface, when the velocity of the mainstream is directed
toward the axis of symmetry, the flow accelerates but if the
main flow is directed outward the stream decelerates and may
separate.

Finally, the bypass flow with a strong viscous/inviscid inter-
action near the trailing edge of the stream splitter was consid-
ered. The influences of velocity ratio and Reynolds number on
the separated zone structure were investigated. It was shown
that velocity changes at one stream entrance may control the
separation in the other stream. It was also shown that when
the Reynolds number is increased, two separation bubbles
occur, one downstream at the trailing edge of the splitter. The
laminar and turbulent regimes with equal Reynolds numbers
were compared and it was shown that tripping to achieve a
turbulent flow prevents separation near the trailing edge of the
splitter.
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